ON THE ILL-POSEDNESS OF THE COMPRESSIBLE 
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Abstract. We prove the ill-posedness of three dimensional compressible viscous 
heat-conductive flows for the initial data belonging to the critical Besov space 

.1 . 3 —1 . 3_ 2 

(B^ j + p, Bp x , Bp l ) for p > 3, here p is a positive constant. Especially, this 

result means that it seems impossible to construct a global solution for the highly 

oscillating initial velocity for the viscous heat-conductive flows. We also prove that 

the baratropic Navier-Stokes equation is ill-posed for the initial data belonging to 

.1 l — i 

the critical Besov space (B^i + p, B£ x ) for p > 6. 



1. Introduction 

We first consider the compressible viscous heat-conductive flows in R + x 
' d t p + div(pu) = 0, 
d t (pu) + div(pu ® u) - pAu - (A + / u)Vdivn + VP = 0, 

cv(dt(p0) + div(pu9)) - kA9 + Pdivn = ||V«+ (Vu) T | 2 + A|divn| 2 , 



1.1) 



. (p,u,0)\ t =o = (po,u ,e ). 

Here p(t,x), u(t,x), 6(t,x) denote the density, velocity and temperature of the fluid 
respectively. The physical constants v, A are the viscosity coefficients satisfying 

p > and A + 2p > 0, 

and cy > 0, k > are the specific heat at constant volume and thermal conductivity 
coefficient respectively. The pressure P is a function of p and 9. For simplicity, we 
restrict ourselves to the case of an ideal gas in which P takes the form 

P = Rp9, 

for a universal constant R > 0. For a matrix A, the notation \A\ 2 denotes the trace 
of AA T , i.e., 

\A\ 2 = ti(AA T ) = yiajjbjj. 

The local existence and uniqueness of smooth solution for the system (jl.ip were 
proved by Nash [IT] for smooth initial data without vacuum. Matsumura-Nishida[16j 
obtained the global well-posedness for smooth data close to equilibrium. For small 
initial data, the global existence of weak solutions was proved by HofF |14| . For large 
initial data, Feireisl |10| proved the global existence of the variational solutions in the 
case of real gases. However, the global existence of weak solution and strong solution 
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remains open, even in two dimensions. Recently, Sun- Wang-Zhang |18] proved a 
Beale-Kato-Majda type blow-up criterion for strong solution in terms of the upper 
bound of the density and temperature. For the initial density with compact support, 
Xin[19] proved that any non-zero smooth solution will blow up in the finite time. 

Motived by Fujita-Kato's result [12] on the incompressible Navier-Stokes equations, 
Danchin studied in a series of papers [3 El [9] the well-posedness for the compressible 
Navier-Stokes equations in the critical spaces. Let us make it precise. It is easy to 
check that if (p,u,9) is a solution of (jl.ip . then 

{p x (t,x),u x (t,x),9 x (t,x)) = (p(X 2 t, Xx), Xu(X 2 t, Xx), X 2 9{X 2 t, Xx)) , 

is also a solution of (jl.ip provided the pressure law has been changed into X 2 P. 
A functional space is called critical if the associated norm is invariant under the 
transformation (p,u,9) — > (p\,u\,9\)(up to a constant independent of A). Then a 
natural candidate is the homogenous Sobolev space H2 x (H?) 3 x H~z. However, 
is not included in L°° such that one cannot expect to obtain a L°° control of the 

. 3 

density when po — p G Hz . Instead, one can choose the initial data {pq,uq,9q) such 
that for some p, 

(p - p,u ,9 ) G B* tl x {B^f x El' 2 . (1.2) 

We refer to Definition 11.51 for Besov space. 

In [HI [9] , Danchin proved the global existence of (jl.ip for small initial data in the 
critical Besov space as (jl.2p with p = 2, and the local existence for general initial data 
in the critical Besov space with p < 3. For the baratropic Navier-Stokes equations, 
one can refer to [7] for the global existence with p = 2, and [5j [9] for the local existence 
with p < 6. 

For the incompressible Navier-Stokes equations, Cannone et al. [21 [3] generalized 

■ -1+5 

Fujita-Kato's result to Besov spaces B PtOCJ p (p > 3) with negative regularity index. 
An important consequence of this result is that it allows to generate global solution 
for the highly oscillating initial velocity like 

e~^(-d 2 (f)(x),di(()(x),Q), 
• -1+5 

since its norm is small in B PjOQ p (p > 3) if e is small, although it may be very large 
in the Sobolev space H?. It is highly non-trival to generalize a similar result to 
the compressible Navier-Stokes system since it is a hyperbolic-parabolic coupled sys- 
tem. Very recently, important progress has been made by Chen-Miao-Zhang [6j and 
Charve-Danchin [3] where they construct the global solution for the highly oscillat- 
ing initial velocity for the baratropic Navier-Stokes equations by proving the global 
well-posedness of the system (jl.3p in the critical Besov space with 3 < p < 6. 

A natural question is whether a similar result remains true for the heat-conductive 
flows (jl.ip . The first step toward this problem is to prove a local existence result in 
the critical Besov space with p > 3 for the system (jl.ip . However, we prove that the 
system (jl.ip is ill-posed in this case. More precisely, we prove 

Theorem 1.1. Let p be a positive constant. Assume that po — p G B^, uq G B^ J 1 ', 

6>o G B^l 2 for p > 3. Then the mapping T : (po,uq,9q) i — > (p,u,9) is not C 2 
continuous, where (p,u,9) solves the system (jl.ip . 
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The mechanism leading to the ill-posedness comes from the high-high frequency 
interaction of the strong nonlinear terms |Vu + (Vu) T | 2 and |divu| 2 in the temper- 
ature equation, which will behave very badly in the case when high-high frequency 
interaction evolves into a low frequency. Our proof is inspired by Germain's paper 
|13] . where the author proved the ill-posedness of the incompressible Navier-Stokes 
equations in Besov space B^^ (see also a different proof by Bourgain-Pavlovic pQ ) . 

We next consider the ill-posedness for the baratropic Navier-Stokes equations 

d t p + div(pu) = 0, 

d t (pu) + div(/w (g> u) - pAu - (A + p)Vdivu + VP = 0, (1.3) 
(p,u)\ t =o = (po,u ). 

Here the pressure P is a suitable smooth function of the density. We refer to the 
seminal books [15(. [TT] and reference therein for the related works. 

In this case, the mechanism leading to the ill-posedness comes from the high-high 
frequency interaction of the nonlinear term u ■ V-u. Since the nonlinear effect of u ■ Vu 
is weaker than that of |Vit| 2 , the analysis is more delicate in order to capture the bad 
terms leading to the ill-posedness of (jl.3p . And the choice of the initial velocity is 
different from that used in the proof of Theorem 11.11 

Theorem 1.2. Let p be a positive constant. Assume that po — P G B^f, uq G B^f 1 
for p > 6. Then the mapping T : (pq, uo, 9q) i — > (p, n, 9) is not C 2 continuous, where 
(p, u) solves the system (|1.3j) . 

Remark 1.3. The well-posedness or ill-posedness remains open in the critical Besov 
spaces with p = 6 for the baratropic Navier-Stokes system and p = 3 for the heat- 
conductive flows. 

Remark 1.4. We prove the ill-posedness of the compressible Navier-Stokes equations 
in the sense that the mapping T is not C 2 continuous. We conjecture that the system 
is also ill-posed in the sense of "norm inflation" in pp. This is the goal of our future 
work. 

Let us conclude the introduction by recalling the definition of Besov space. Choose 
a function ip £ S(R 3 ) supported in C = {£ G M 3 , | < |£| < §} such that 

v{2~ j i) = 1 for all £ ^ 0. 

The frequency localization operator Aj is defined by 

A 3 f = <p(2-*D)f for j G Z. 

We denote Z'(R 3 ) by the space of the tempered space <S'(M 3 ) modulus the polynomial 
space V(R 3 ). 

Definition 1.5. Let s G M, 1 < p, q < +oo. The homog eneous Besov space Bp ^ is 
defined by 



B^i/e^K 3 ): ||/||^ < +oc}, 



where 



def 

Bs, „ 



2 ks \\A k f(t)\\ LP 



I'M 
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Notations. / and Tf denote the Fourier transform of /, and J 7-1 / denotes the 
inverse Fourier transform of /. The notation A = B stands for A = CB for a 
harmless constant C, and A ~ B stands for C\B < A < C2B for the harmless 
constants C\,Ci. The summation convention over repeated indices is used. 

2. Ill-posedness of the heat-conductive flows 

This section is devoted to the proof of Theorem 1 1. 11 Let 5 > and (p, u, 9) be the 
solution of the following system: 

' d t p + div(pu) = 0, 
d t (pu) + div(pu <g> u) - pAu - (A + /i)Vdivu + RV(p9) = 0, 



(NS 5 ) { 



c v {d t { P e) + div(pu0)) - kA9 + RpOdivu = ^\Vu + (Vu) T | 2 + A|divu[ 2 , 



k (p ,u ,9 ) = (p + 84> p , 



0, 



where 



Set 



'pi V«! 1 



will be determined later. By the uniqueness of the solution, we have 



(p{5, x, t),u(6, x, t),9(S, x, t)) = (p, 0, 0) 



5=0 



(2.1) 



8=0 



Taking the derivative with respect to 5 on both sides of (NSs) and using (|2.ip yield 
that 



' dtp + pdivu' = 0, 
pd t u - pAu' - (A + p)Vdwu + RpV9' = 0, 
c v pd t 9' - kA9' = 0, 



(2.2) 



We define 



A>fAF-\\Z\>fc)) for S GR. 
For a vector u, let us denote curlii by 

(curlu)j = dju e — dgvP . 

Applying the operator A _1 div and A _1 curl to the second equation of (|2.2|) respec- 
tively, and noting that 

u' = -A -1 V/t' - A -1 divfi' 
with h! = A divit' and fl' = A curlu', we deduce that 

p'(t) =4> p — pi divu'dr, 
Jo 

u'{t) =§{4>u) - R [ e 9{t " r)A V9'{T)dT, 
Jo 

{ 9'(t) =e RAt fo, 



where 



$(0 U ) 4 - e p ' A A- 2 Vdiv^ - e^A^divcurlc^, 
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and k = n/{pcy), p = p/p, A = X/p, v = A + 2p. So, if n ^ v, we get 



p'{t) = <P P - P 

u'(t) = 

[ 9'(t) = e sA Ve 
and if R = v, we get 

p'(t) =<t>p-p 



,ptA 



I 



DA 



Rp fe RtA -I e 



utA 



K — V \ kA 



i)A 



K — V 



,PtA _ j 



(2.3) 



vA 

u'(t) = $(0 U ) - Re pAt tVfa, 
e'{t) = e RAt <pe. 



v 



JtA _ j 



v 2 V A 



(2.4) 



Set 



8=0 



Taking the second order derivative with respect to 5 on both sides of (NSg) and 
thanks to (|2.1i . we obtain 

( dtp" + 2p'dW + pdivu" + 2VpV = 0, 

pd t u" + 2p'd t u' + 2pu' ■ Vv! - fiAu" - (A + p)Vdivu" + 2RVp' ■ 9' 

+ 2Rp ■ W + RpV9" = 0, 

c v (pd t 9" + 2p'd t 9' + 2pu ■ W) - nA9" = p\Vv! + (W) T | 2 + 2A|diW| 2 

- 2Rp9'divu', 

10&«M) = (0,0,0). 

Especially, we have by (|2.2p that 



d t 9" - RA9" = -^|W + (W) T | 2 + — Idivnf - —9'dxvu 1 - —p'A9' - 2u'V9' 

Cy Cy Cy p 



2k 



F 1 + F 2 + F 3 + F± + F 5 



Hence, we get 



5 t 5 

9"(t) = J2 [ e^-^Fjdr 4 V © 
j=i ^ J=l 



(2.5) 



Let be a smooth, radial, non-negative function in M 3 such that 0(£) = 1 for 
|£| < 1 and 0(£) = for |£| > 2. We define <j) u by its Fourier transform 

, N N s 

&»(0 = ( E« fc 2 (1 -| )fc ^-2 fe e 1 )+ ^a fc 2 (1 -f )fc ^ + 2 fc ei ), 0, Oj, (2.6) 
^fc=10 fc=10 ' 

where ei = (1, 0, 0) and is a series belonging to i 1 such that for any fixed £o > 0, 

YlkLi a l2 £ ° k = co. It is easy to check that (j) u is uniformly bounded in . We 

choose (j) p , (pg € <S(M 3 ) such that 

M0 = M0 = H0, 

where e 5(M 3 ) is supported in : 1 < [£| < 2}. 
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Throughout this section, we fix a vector £o = (0, 1/10, 1/10) and take e > 
enough. 

Case 1. k 7^ v 

• The estimates of 03, ©4, ©5. 

Due to (|2.3p . we have 

3 = f e R{t - T)A F 3 dT /V ( '- T)A (e Sr %e prA div<^) 
Jo Jo 

- e «(*-) A {e^ A ^(e- A - e pTA )<t> e }dT = 31 + 32 , 



and 



© 4 = y* e s (*~^ A F 4 (ir y* e s( *- r)A {(/ - e prA )A- 1 div ( / )u e sAr A0 e } 
+ ^"^{^e^A^ + (- ^— j^j^A^ }dr 



= ©41 + 042, 



and 



5 = f e R{t ~ T)A F r> dT^ f V (i - T)A {$(<^)e sAr V<^} 
Jo Jo 

" e^ A {[- V^^V^jdT = 051 + 052- 



Thanks to the choice of 4>g,(p p , <f) u and £o> it is easy to check that 

e3l(t,0 = «4i(*,0 = ©5l(t } = for 5(&,,e), 

032 G 5(M 3 ), 042, 052 G ^ 2 (M 3 ). 

• The estimate of 02- 

Plugging (|2,3p into the term F2, we get 



A ; „PrA 



<5 2 = f e Rit - T)A {e ptA div0 u ) 2 dT + f e h{t - T)A {{e RTA ^e? - 2e* 
Jo Jo 

! }dr+ f e R ^ A {e 9TA d^ u e 9TA fo-e VTA a™<p u e hTA <p e }t 
Jo 



=021 + 022 + 05 



>21 T V1J22 ~r ^23- 

Let us first calculate Fourier transform of 02i as follows 



®2i(t,0= [ e-^l 2 (*-^((e^ A div^ 2 )(£)dT 
Jo 
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Due to the definition of <p u , for £ G B(£o,e), &2i(t,£) equals to 

~ e L -n\(P-o\i-^-m^ - m)m 

N 

X 

fe=10 

plus 



£ a 2 k 2 2 ^'>^ - r, + 2 k ei )<f>( V - 2 k ei )d V 4 ©^(i, £) 



iV 

. x „?,2(l-£)fc, 



^ a|2 2(1 "p)^(e - r, - 2 k e 1 )</>(r l + 2* ei )dr/ ± ©f^i, £). 
fc=10 

Making the change of variables, the term ©21 (^£) turns into 

^ e («|C| 2 -P|€-r?-2 fc ei| 2 -P|r?+2 fc ei | 2 )i _ j 

L zr-1,12 _ r ,|, _ „ _ ofc Pl |2 _ ^ T ofc Pl ,2 & " % " 2 )(^+ 2 ) 



-e 



-s|£| 2 t / ^ 



, _ L0 «|£| 2 - V ~ 2 fc ei| 2 - v\r) + 2 fc ei p 



x a|2 2(1 ^ k 4>{i — r])<j)(r])dr). 
Hence, if £ € B(£q, e), i = ^it, it is easy to see that 

S 2 i(t,0 - £ «l2 2(1 -" )fc . (2.8) 

fe=lQ 

For 023, we have 

22_ 

(k-P) 

Thanks to the choice of (j) u , 4>q and £o, we find that for £ £ -B(£o, e )> 

©2 3 (U) = and 22 £5(1 3 ). (2.9) 



23 



f e K(t-r)A( e PrA div ^^rA _ ^A)^^ 
^0 



• The estimate of (Si. 
Thanks to (|2.3p . we have 



Fx = \A + B\ 2 , 



where the matrix A, B is given by 

A = V$(<^) + (V$(<^)) T , 

5 = -V 2 A^ 1 (e siA - e ptA )<^ - (V 2 A~ 1 (e R * A - e pt 
Hence we get 

©i= /V ( '- r)A F lC ZT - V f e^-^ A (A 2 em + 2A em B em + Bl m )dr 

J ° i,m=l J ° 

= ©11 + ®12 + ®13, 

where Ai m and -B^ m are the elements of the matrix A and B respectively. By the 
choice of <p u , 4>g and £o> we have 

6i2(U) = /or Z£B(tio,e) and © 13 G «S(M 3 ). (2.10) 
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Now we turn to the trouble term ©n. The Fourier transform of A^ m is given by 

e -9t\ri\ 2 — e -A*k| 2 -~r 



-fit\v\ 2 



VjVj + Vm<t&) = E ^L(t, ri). 



Hence, 



M 2 



j ) j'=K ) m=i- /o - /R3 



3 

A 



E 2tJJ '(^)- 
j,j'=i 



First of all, we have 



*/■ P (/6K| 2 -P|€-U| a -P|»J| 2 )T 



-^vx 8 v^r ^-"^-^ 

Recalling the choice of 4> u and making change of variables, 2l 12 (i, £) + 2l 13 (t,£) for 
£ G B(£o,e) equals to 

N ,. Iii\t\1_ r .\l:_„_nk,, \2_ r .\„,r ) k e , |2\ 



x (r? + 2 k e 1 ) j , -(Z-ri- 2 fc e 1 ) m (i ? + 2 fc e 1 ) 1 (i ? + 2 fc ei) m }<fy 

plus a similar term corresponding to — rj — 2 k e\)(j)(ri + 2 k e\). Then for £ € -E>(£o> e) 
and i = ^jt, we have 

AT 

|a 12 (t,0 + * 13 (*,0| = |2t 21 (t,e) + 2i 31 (t,o| ~ E a l T%k - ( 2 - n ) 

Similarly we have 

|2i 22 (t,o+2t 23 (t,o|, |2i 32 (t,e)+2i 33 (t,o| - E «i 2 ^ fc > ( 2 - 12 ) 



fc=10 



iV 



fc=10 
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for £ E -B(£oj e) and t = ^j. On the other hand, 

^ { t,o =-2e--^ e ^ 22(1_f)fc / -,; 2 J 9 i -i 1 1 , 2 

Jr3 k\£Y -v\£-r]-2 k ei\ 2 -v\ri + 2 k e 1 \ I 

x (£ - 77 - 2 fc ei)i(r/ + 2 fe ei)i^(£ - v)4>(v)dv, 

plus a similar term corresponding to — 77 — 2 k ei)4>(r] + 2 k e\). It is easy to deduce 
that for £ € B(£o,e) and i = ^n, 

iV 

a U (U) ~ E o^ 1 " 1 '* (2.13) 

fc=10 

Summing up ()2.1ip - (j2.13p . we obtain 

N N 

«n(t, >^(E «i 22(1 " |)fc - E «i 2 ~ |fc )< ( 2 - 14 ) 

fc=10 fc=10 

for £ G -B(£o, e) and t = • 

Collecting (12771)- (f2A0|) and (I27H1) together, we show that for g € <S(IR 3 ) with g > 
and supported in the ball B(£q, e), 

N 

/nil „\ _ / V" S T »\ v> r> V" ^2 9 2(l-f)fe 



9 



1<J<5 fc=10 



This implies that 0" is not bounded in <S'(M 3 ) due to p > 3. Thus, Z) 2 T is unbounded 

from {4,1 x x ^1^) >< (^f,l >< x 4,^) to S'(R 3 ). 

Case 2. k = v 

Let us return to (|2.5p . Plugging (|2.4p into the term F, we get 



((e ptA div0 u ) 2 + {Rte mA A<p e ) 2 - 2Rte mA div^ u e ptA A^ e 

_e-~A(j)e), 

,„UtA _ 7\ 







Cy 




2A 


^2 


= — 1 




c v 




2R 






cv 




2k 








P 




+ - 



-■" PA 

2 ^ p/\ ret A a , Rpfe mA -I 
— ie"%e KtA A<^ - 

F 5 =2$(</> u )e* tA V<^ - 2i?te ptA V</> e* tA 
Similar to the case R ^ the term 



jf e R ('-> A (|V$(</> u ) + (V$(<«) T | 2 + (e^ A div^) 2 )dr 
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is not bounded in <S'(M 3 ), while the other terms are bounded in 5'(IR 3 ). Then 0" is 
also not bounded in <S'(M 3 ) in the case of R = v. 



3. Ill-posedness of the baratropic Navier-Stokes equations 

This section is devoted to the proof of Theorem 11.21 With the similar notations in 
Section 2, (p',u') satisfies 

' dtp' + pdivu' = 0, 

< pd t v! - pAu' - (A + /i)VdiW + P'(p)Vp' = 0, 
. (p'(x,0), u'(x,0)) = {4> p (x),(j) u (x)), 
which can be rewritten as 

< d 2 tP ' - vAd t p' - P'(p)Ap' = 0, 
dtAti - vAAti + p- 1 P'{p)Ap l = 0, 

d t n' - pAn' = o, 

(p'(x,0), u'(x,0)) = (0p(aO, 
dtp'(x,Q) = -pdiv(f> u (x), 

here h! = A _1 divn' and ft' = A - 1 curlw / (note that (curlu)j = djU — dgv? \ so here Q' 
is a matrix). Thanks to Lemma 4.1 in [6], we know that 



P' 
b! 



L P 



K(t,£) -pL(t,Z)\£\ 
EL(t,t)\t\ K(t,0 



MO 



where 



with 



K(t,0 = 
A±(f) 



A+(0-A_(6 
A + (Qe A +«) f -A^(g)e A -(^ 
A + (0-A_(C) 



A+(0-A_(0 ' 



-nei 2 ± - v^ 2 iei 4 - 4pici 2 with p ^ p'(p). 



Then we have 



0,(0 

&(0 



«'(i,s) = e^A-'cml^, 



(3.1) 



with 



g 11 g 12 

gll g22 



K(t,0 



ipL(t,0? 



Here = K^t^r,) + K 2 {t,r,) and L(i,£) = L x (t, £) + L 2 (t, £) with 

A + (r/)e A +W t A_(r ? )e A -^* 



A+M-A-fa)' 

"A + (o-A-(er 



^ 2 (i,r?) = 



A+(»?)-A-(»7)' 
A+(0-A_(0" 
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The following facts can be easily verified: for |£| 3> 1, 
(bi) {A_(0, A+(0, A + (0-A_(0} behaveslike {-i/|£| 2 , -Pi/" 1 , i/|£| 2 }, 
(b 2 ) {^(^0,^2(^0} behaveslike {-PHfirV-^ -1 *, e^l 2 *}, 
(b 3 ) M^)} behaveslike {-(^^-ig-^- 1 *, ^tfyi^tfty 

The second derivative (p",u") of (p, it) with respect to 5 at (5 = satisfies 
' <9 t p" + 2p'dW + pdivu" + 2VpV = 0, 

4 

< d t u" - pAu" — (A + p) Vdivu" + ^ Fj = 0, 

j=i 

= (0,0), 

where 

4 

J2 R J~ 2 P~ l p'dtu' + 2u' • Vu' + 2p- 1 P"(p)p'Vp' + p^P'^Vp". 
J=l 

Set 0" = A curlu", and it satisfies 

4 

dtfT - pACl" = -A -1 curl Hj. 

j=i 

To prove Theorem 11.21 it suffices to prove the unboundedness in iS'(R 3 ) of the 
incompressible part — A~ 1 divQ" of u", which satisfies 

4 ,4 4 

-A _1 divf2"(a;, t) = A^divcuri f ef^^Hjdr = ^ fij. (3.2) 
j=i ^° j=i 

The initial data (J) u will be chosen differently with (|2.6|) and is given by 

N 

M0= E « fc 2 (1 -| )fc (^-2 fc e) + 0(e + 2 fc e), uf>(£ -&e) - iffi + &e), 0), 

fc=7V 

here Ao is an integer satisfying 

N = max (20, 4z^ 1 P5), 

and A" is a large enough integer, e = (1, 1, 0), Set {«£;} is a series belonging to i , 

and 4> defined as in (I2T6]) . Take </> p G 5(M 3 ) such that <j> p {£) = <j>(£). It is easy to check 

. 2-1 

that 4> u is a real valued function and uniformly bounded in . 

In what follows, let us fix £0 = (0, 1/10, 1/10) and always assume £ £ P(£o> e ) an d 

• Due to curl H3 = curl #4 = 0, we get 

£3 = £4 = 0. (3.3) 

• The estimate of ^2 
By (|3.ip . we have 

u' = -A -1 V/i' - A^divfi' 

= -A- 1 V(g 2 Vp + £ 22 <A«) - A- 2 divcm r le' 2A V u . 
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Hence, 



u'-Vu' =#21 + h # 26 , 



where 



#21 =A- 1 VS 2 Vp • VA^V^ 21 ^, 

# 22 =A~ 1 VS 2 Vp • VA-^Vg 22 ^ + A-Mivcurie^Vu) 

+ A-^Vg 22 ^ + A'MivcuTle^Vu) • VA^V^Vp, 
# 23 =A- 1 Vg 22 u • VA^V^ 22 ^, 
H M =A- 2 divcurie /iA V« • VA^W 22 ^, 
# 25 =A~ 2 divcurV iA V« • VA- 2 divcurle pA V«, 
# 26 =A- 1 Vg 22 u • VA- 2 divcurle^ A V«- 
Due to the choice of <p p and 4> u , we find that 

H^ 2 (t,O=0 for£G£(£ ,e), #21 € £ 2 (M 3 ). (3.4) 

Noticing that 



#23 = ^(A- 1 ^ 22 ^)^^^- 1 ^ 22 ^) = ^(deA^g 22 ^) 2 , 



it follows that 

A^divcuTl I e^ A ('- r )#23(r)dr = 0. (3.5) 
Jo 

Thanks to div(A~ 2 divcurle^ A '0«) = 0, we get 

#24 =div(A- 2 divc^le pA V« ® A^VG 22 ^), 

#25 =div(A- 2 divcurle^ A *0 u ® A^divcurie^Vu)- 

Let i^24 and f)25 be the term corresponding to #24 and #25 in S) 2 respectively, whose 
Fourier transform is given by 

e -m 2 t rtr e (m 2 ~m~r!\ 2 )T 

(* 24 ),(i,0 = JJ r3 l ^_ 7]m mw-^>Vi)G 22 Mv) 

for j = 1,2,3. Recall that 
hence for j = 1, 

$24)^,0 = -i^-^r- jJ R3 6 fefer? 2 + 6%) - (£ 2 2 + thm) 

x (#! + K 2 )(r,r,) {mttW + V2? u (n)) - vVi + - v)a 2 )d V dr, 

where 

a i - (£ - nhiiim - m&) + (£ - vh(£m - &vi), 
□2 = (C - »7)i(??i6 - 6%) + (C - vh(&V3 - &m)- 
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Then we obtain 

. e-^l 2 * A f a|2 2fc(1 -| ) / (eiPie-M-tf+x+ivVt _ 1)A+(r?) 



k=N 

^im 2 -m-ri\ 2 +x-(ri))t 

where 



( e (Al€l 2 -Ml^l 2 +A-(^ _ i)a_(t7) \ Q(<P, V ,tk) 
m?-m-v\ 2 + \-(r,) ) |£-r?| 2 M 2 ^ 



0(</>, r?, e, fe) =(r?iDi + 772^2 - Vl D 2 i + ^Di*)^ - 2 fc e)0(£ - r] + 2 k e) 

+ (77iDi + r] 2 D 2 + 7/iD 2 i - m^i^Hv + 2 fc e)^(^ - 77 - 2 k e). 
Using (bi)-(b2) and the choice of (f> u ,fio, we have 

KRe^^O] <C a 2 k 2~l k . (3.6) 

k=N 

Similarly, we can obtain 

N 

{{Be&Kti&MZC £ «|2-f fc . (3.7) 

fc=jV 

Let f)26 be the term corresponding to H 2 § in f)2> whose Fourier transform is given by 

- £j'£j'{veVj4>i(v) - VeVe&uiv)) drjdr, j = 1, 2, 3. 
For j = 1, the term in the square brackets of the above integral equals to 
toM 2 66 + m%£i& + % 2 (? 2 2 + £3) + ^ife 2 + CD) 
+ 4>i( v i){mmt,i& - ^366 - ?? 2 6^2 - »7ii72(^2 + £3)) 

^ &fa)(Oi fa, + oi fa, 0) + & fa)(0 2 (»7, + o 2 fa, 0) 

with 

Oifa, 6 = mmtib + % 2 (e 2 2 + £ 3 2 ), °i(v, = mmtiSa + + £ 2 ), 

On the other hand, we have 
Then we find that 

e -m 2 t ^ r e m\ 2 -\v\ 2 )r 

N 



£ al2 2kil -^0(<P, V ,^k)d V dr, 
k=N 
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where 

d(</>, t?, e, k) ={ (e - 77)1(01 (77, o + 01(77, o) + (e - ^Mc^fa, + ^ o) 

- *(£ - r])i(0 2 (v, + 02(77, £)) + i(£ - 17)2(01 (»/, + 01 (»7, 0)} 
x 0(7? - 2*e)0(£ - r? + 2 fe e) + {(£ - 77) i (Ox (/y, + 0ifa,£)) 

+ (£ - ^7)2(02(77, + 02(77, 0) + i(£ - V)l(0 2 (v, + 02(17, 0) 

- »(£ - »/)2(Oi(»7,0 + 01(77, £))}#7 + 2 fe e)0(£ - 77 - 2 fc e). 

Then we have 

_ , e -^l 2 t f " g|2^!j / (exp + (t,g,7 ? )-l)A + (C-77) 

1 26)1 ~ 1 l^ 2 y R 3^A + (C-77)-A_(^-r ? )^ ^| 2 -/2M 2 + A + (C- 7 7) 

d(cf>,r],t,k)dr], 



k=N 

(exp_(t,£,77) - 1)A_(£ - 77) \ (£-77)^ 



m\ 2 -m 2 + ^-tt-v) J ie-r?i 2 M 2 

where 

exp + (t,£,77) = e (Al€l 2 -^l^l 2 +A + (^))t ) exp_(t,e,7?) = e (PKI a -PM 3 +A-«-'0)t. 

Due to the choice of £0 and ^ u and using (bi)-(b2), we can get by some tedious 
computations that 

N 

{Re(^)26)) 1 (t,0 > c J2 «fc2 (1 "f )fc . (3.8) 

k=N 

Summing up f)3.4p ~ f)3.8|) . we conclude that 

o N 6 

(Re^))^) > ^0 £ ap^ k . (3.9) 

k=N 



• The estimate of fji 
Recall that 

p'd t u' = p'(uAu' + (u + A)Vdivu') - ^-^-p'Vp' = H u + H 12 . 

P 

In light of curl.£/i2 = 0, we get 

£12 = 0. (3.10) 

By JET), 

# n =p(e 1 Vp + a 12 c/>«)AV(e 2 Vp + e 22 </g 

+ /x^Vp + ^ 12 u )divcuTle^ A V, i . 
Obviously, the Fourier transform of the following three functions 

g n (t> P vAg 12 (t> u , g 12 ^ u Avg 21 p , ^ 1 VpdivcuTie^ A V«- 

vanishes on B(£o,e). Due to the choice of (fi p , we infer that 

A _2 divcuri f e fiA{t ~ T) g U (j) p VAg 21 (l) p (T, x)dr € L 2 (M 3 ). (3.11) 
Jo 

Let Sim and #112 be the terms in fji corresponding to 

g 12 (/)uAVg 22 u and g 12 u divcurie' iA V«- 
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We have 

Is I ./(VR 3 
Especially for j = 1, we find 



— ulfl 2 t ^ ft /• 

(Sn 2 ) 1 = -i^E^//,^ (1 -' , ^- | ' |2) ' 



x (L x + L 2 )(r, £ - 77)0(0, 77, f , k)dr]dT. 
The integral part of the right hand side equals to 

exp + (/j,£,77) - 1 



f 2 2fc(i- 3 )/ exp_(t,g,?y) - 1 

As " \m 2 - M 2 + A_(C - r?) '/^| 2 - /2|r/|2 + A + (£ - 77) 
Using (bi), (b 3 ) and the choice of 4> u and £, one can verify that 
2* /" f exp_(t,e,r/)-l exp + (U,r/)-l n~ 

if A; — >- +oo, which means that for any 6 > 0, there exists a large integer N\ such that 
for k > N 1: 

2 k f! e^l 2 -l"l 2 ) T (Li + L2)(T,C-»/)0(^»/,^fc)d»7dT < <5. 
This in turn implies that 

_ Ni 

{(Re^^Ol <SJ2 *P {1 -" )k + C £ a£2 (1 -" )fc - ( 3 .12) 



On the other hand, we have 



(£111)1 = — * — TFT2 — / / e ^ |T ^ 12 ^«-^ 22 ^WI^I(^i^-^^i)^ 
Is I J oil 3 

x (a (6% + 6%) - (si + £a)»7i) W, r?, e, fc)<Mr, 



where 



£>(</>, »7, £, fc ) =[(£ - + (£ - - *(£ - v)im + - ^W] 

x 0(f - 77 - 2 fe e)0(r/ + 2 fe £) + [(£ - 77)1*71 + (£ - 77)2772 
+ »(£ - r/)i772 - i(£ - ??)2?7i]0(C - + 2 fc e)0(7? - 2 fc e). 
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Recalling the definition of K{j,rj) and L(t,£ — 77), we get 

fS^K^LM- V )dr = (A+(£ -r,)- A_(£ - r ? ))- 1 (A+(r ? ) - A-fa))" 1 
■/ 

/_A + (77)(e^KI 2+A +(£-'7)+M'7))* - 1) A_(r/)(e^^l 2+A +^^ +A -(' ? ))* - 1) 
V Aie| 2 + A + (^-r ? ) + A + (r ? ) + £|£|2 + A + (£ - ry) + \-(rj) 

Aie| 2 + A_(^-r ? ) + A + (r ? ) £|£|2 + A_(£ - r?) + A_(i?) J' 

By the same argument as leading to the (|3.12|) . we find that for S > 0, there exists a 
large integer N2 such that for k > N2, 

N 2 

|(R*(J5iii))i(*>0l < 6 £ « 2 fc 2 (1 "" )fc + C J; ^-D*. (3.13) 

Combining (|3.10|) - (|3.13p . and choosing 5 = we infer that 

KRe^i))^)! <jJ2 d2 2 ( 1 -!) fc + 2 (1 -f )maxW ' 7V2) . (3.14) 

fc>jV 2 

Collecting ([52]1 . (pT3|) . (1331) and d5HH) , we conclude that 

(Re(A-MM7'0) 1 (U) > j £ «' 2(1 " f)fc - 

fc>JV 

This is enough to conclude that A _1 divO" is not bounded in <S'(R 3 ) if p > 6. This in 
turn implies that u" is not bounded in <S'(IR 3 ). 
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